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LARGE EVEN ORDER CHARACTER SUMS
LEO GOLDMAKHER AND YOUNESS LAMZOURI
Abstract. A classical theorem of Paley asserts the existence of an infinite family of
quadratic characters whose character sums become exceptionally large. In this paper,
we establish an analogous result for characters of any fixed even order. Previously
our bounds were only known under the assumption of the Generalized Riemann Hy-
pothesis.
1. Introduction
Dirichlet characters and sums involving them have a long history stretching back
to Gauss. One specific quantity which has received a lot of attention during the past
century is
M(χ) := max
t6q
∣∣∣∣∣
∑
n6t
χ(n)
∣∣∣∣∣ ,
where χ (mod q) is a nonprincipal Dirichlet character. Interest in this object be-
gan with the discovery (independently made by Po´lya and Vinogradov in 1918) that
M(χ)≪ √q log q, an upper bound which remains the strongest known outside of special
cases. In 1977, Montgomery and Vaughan [5] showed that the stronger upper bound
M(χ)≪√q log log q (1.1)
follows from the Generalized Riemann Hypothesis GRH. The goal of this note is to
prove (unconditionally) that (1.1) is best-possible for characters of any fixed even order.
Precisely:
Theorem 1. Let g > 2 be a fixed even integer. Then there exist arbitrarily large q and
primitive characters χ (mod q) of order g satisfying
M(χ)≫g √q log log q. (1.2)
Before describing our proof of this theorem, we briefly survey the history of lower
bounds on M(χ). A classical result (apparently due to Schur, according to [1]) is
that M(χ) ≫ √q for all primitive characters χ (mod q). However, there exist some
characters for which more can be said. This was first observed by Paley [6], who in
1932 constructed an infinite family of quadratic characters χ (mod q) satisfying (1.2).
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No other unconditional lower bounds were proved until quite recently, when the authors
[3] established that there are arbitrarily large q and primitive characters χ (mod q) of
fixed odd order g such that
M(χ)≫g,ǫ √q(log log q)
g
pi
sin pi
g
−ǫ
.
This is presumably optimal, in view of an upper bound (conditional on the GRH) of
the same form proved by the first author in [2].
Assuming the GRH, Granville and Soundararajan [4] proved that Paley’s omega
result can be extended to characters of any fixed even order. Our proof of Theorem 1
removes the assumption of the GRH. The argument is inspired by that of Granville
and Soundararajan, but also uses elements from Paley’s paper and our own previous
work, as well as some new ideas. The necessary ingredients are collected in the next
section. In the final section, we put them together and prove our main theorem.
2. Ingredients
We first recall a few standard pieces of notation. We have already used Vinogradov’s
notation f(x)≪a g(x); this simply means |f(x)| 6 Cg(x), where C is a constant that
depends only on the subscript a. We will also write f(x) ≍ g(x) if f(x) ≪ g(x) and
g(x)≪ f(x). The normalized complex exponential e(x) := e2πix will be used frequently
in our arguments. In particular, it appears in the definition of the Gauss sum for a
character χ (mod q):
τ(χ) :=
∑
n6q
χ(n)e
(n
q
)
.
Recall that |τ(χ)| = √q whenever χ is primitive.
One of the main tools in the proof of Theorem 1 is the following.
Lemma 2.1. If ψ (mod m) is a primitive Dirichlet character, then
max
θ∈[0,1]
∣∣∣∣∣
∑
n∈Z
anψ(n)e(nθ)
∣∣∣∣∣ >
√
m
φ(m)
∣∣∣∣
∑
(n,m)=1
an
∣∣∣∣
for any set of complex numbers {an} satisfying
∑ |an| <∞.
Proof. Since ψ is primitive, we have∑
b (mod m)
ψ(b)
∑
n∈Z
anψ(n)e
(bn
m
)
=
∑
n∈Z
anψ(n)
∑
b (mod m)
ψ(b)e
(bn
m
)
=
∑
n∈Z
anψ(n)ψ(n)τ(ψ)
= τ(ψ)
∑
(n,m)=1
an.
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It follows that
√
m
∣∣∣∣∣∣
∑
(n,m)=1
an
∣∣∣∣∣∣ 6
∑
b (mod m)
∣∣∣∣∣
∑
n∈Z
anψ(n)e
(bn
m
)∣∣∣∣∣ 6 φ(m) maxθ∈[0,1]
∣∣∣∣∣
∑
n∈Z
anψ(n)e(nθ)
∣∣∣∣∣
as claimed. 
The next result was established in our earlier work on odd order character sums [3].
Lemma 2.2 (Lemma 2.2 of [3]). Let {a(n)}n∈Z be a sequence of complex numbers with
|a(n)| 6 1 for all n, and let x > 2 be a real number. Then
max
θ∈[0,1]
max
16N6x
∣∣∣∣∣∣
∑
16|n|6N
a(n)
n
e(nθ)
∣∣∣∣∣∣ = maxθ∈[0,1]
∣∣∣∣∣∣
∑
16|n|6x
a(n)
n
e(nθ)
∣∣∣∣∣∣ +O(1).
Our proof of Theorem 1 will require fixing a character satisfying various nice prop-
erties. We isolate the construction of a suitable character in the next lemma.
Lemma 2.3. For any even integer g > 2, there exists an odd primitive character ψ of
order g and prime conductor.
Proof. We begin by generating an appropriate conductor, which we denote m. Since g
is even, we have (g + 1, 2g) = 1. Dirichlet’s theorem implies that there exists a prime
m ≡ g+1 (mod 2g); note that m−1
g
is odd, a fact we shall require at the end of the proof.
Let α denote a primitive root (mod m), and define a character ψ (mod m) by setting
ψ(α) = e
(
1
g
)
and extending by complete multiplicativity. It is clear by construction
that ψ is a Dirichlet character of order g. Moreover, since m is prime, ψ must be
primitive. It thus remains only to check that ψ is odd, a straightforward exercise:
ψ(−1) = ψ(α)(m−1)/2 = e
(m− 1
2g
)
= −1
since m−1
g
is an odd integer. 
The final ingredient we shall require is the construction of an odd primitive quadratic
character χ (mod q) which satisfies χ(p) = 1 for all “small” primes p. The argument
we present below follows the same lines as that given in [6], but is streamlined and uses
more standard notation.
Proposition 2.4. There exist arbitrarily large q and odd primitive quadratic characters
χ (mod q) such that χ(n) = 1 for all positive integers n 6 1
2
log q.
Proof. For each prime p > 3, there exists a natural number Qp satisfying(
Qp
p
)
= χ
−4
(p)
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where
(
·
n
)
denotes the Jacobi-Legendre symbol modulo n, and χ
−4
denotes the nonprin-
cipal character modulo 4. Let N be a large positive integer. By the Chinese Remainder
Theorem, the system of congruences
x ≡ −1 (mod 8)
x ≡ Qp (mod p) for 3 6 p 6 N
has a solution Q 6 4
∏
p6N
p. It thus follows from the prime number theorem that
logQ 6
∑
p6N
log p+O(1) 6 2N (2.1)
if N is sufficiently large.
Next, we apply quadratic reciprocity. Since Q ≡ −1 (mod 4), we find(
p
Q
)
= (−1)(p−1)/2
(
Q
p
)
= χ
−4
(p)2 = 1
for all odd primes p 6 N . Furthermore, since Q ≡ −1 (mod 8), we see that(
2
Q
)
= 1 and
(−1
Q
)
= −1.
Let χ (mod q) be the primitive character which induces
(
·
Q
)
. Then χ is odd and qua-
dratic, and χ(p) = 1 for all primes p 6 N . It follows that χ(n) = 1 for all positive
n 6 N , whence q > N . Since 1
2
log q 6 1
2
logQ 6 N by (2.1), we conclude. 
3. Proof of Theorem 1
Fix a large number Y . It suffices to construct a character χg of order g and conductor
qg > Y which satisfies
M(χg)≫g √qg log log qg.
We construct such a character in three steps. First, Lemma 2.3 guarantees the exis-
tence of an odd primitive character ψg of order g whose conductor m is prime. This
character will be fixed throughout the argument (and is independent of our choice of
Y ), so we can write m ≍g 1. Next, Proposition 2.4 yields an odd primitive quadratic
character χ of conductor q > Y satisfying χ(n) = 1 for all n 6 1
2
log q. Finally, let
χg (mod qg) be the primitive character inducing χψg. We observe that χg has order g,
and that qg ≍g q. Furthermore, χg is an even character.
Using Po´lya’s fourier expansion [5] and the fact that χg is even, we have∑
n6t
χg(n) =
τ(χg)
2pii
∑
16|n|6qg
χg(n)
n
(
1− e
(
−nt
qg
))
+Og(log q)
= −τ(χg)
2pii
∑
16|n|6qg
χg(n)
n
e
(
−nt
qg
)
+Og(log q).
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It follows that
M(χg) >
√
qg
2pi
max
θ∈[0,1]
∣∣∣∣∣∣
∑
16|n|6qg
χg(n)
n
e(nθ)
∣∣∣∣∣∣ +Og(log q). (3.1)
Applying Lemma 2.2 yields
max
θ∈[0,1]
∣∣∣∣∣∣
∑
16|n|6qg
χg(n)
n
e(nθ)
∣∣∣∣∣∣ > maxθ∈[0,1]
∣∣∣∣∣∣
∑
16|n|6 1
2
log q
χ(n)ψg(n)
n
e(nθ)
∣∣∣∣∣∣ +O(1). (3.2)
The final step of our argument, an application of Lemma 2.1 (see below for details), is
to show that
max
θ∈[0,1]
∣∣∣∣∣∣
∑
16|n|6 1
2
log q
χ(n)ψg(n)
n
e(nθ)
∣∣∣∣∣∣ >
√
m
φ(m)
∑
n6 1
2
log q
1
n
. (3.3)
Combining equations (3.1) – (3.3) gives
M(χg) >
√
m
2piφ(m)
√
qg
∑
n6 1
2
log q
1
n
+Og(
√
qg)
≫g √qg log log qg
as desired, since m ≍g 1 and q ≍g qg.
To conclude the proof of Theorem 1 it remains only to prove the bound (3.3). From
Lemma 2.1 we infer that
max
θ∈[0,1]
∣∣∣∣∣∣
∑
16|n|6 1
2
log q
χ(n)ψg(n)
n
e(nθ)
∣∣∣∣∣∣ >
√
m
φ(m)
∣∣∣∣∣∣∣∣∣
∑
16|n|6 1
2
log q
(n,m)=1
χ(n)
n
∣∣∣∣∣∣∣∣∣
.
Since m is prime, χ(−1) = −1, and χ(n) = 1 for all n 6 1
2
log q, we have
√
m
φ(m)
∣∣∣∣∣
∑
16|n|6 1
2
log q
(n,m)=1
χ(n)
n
∣∣∣∣∣ =
2
√
m
φ(m)
∑
n6 1
2
log q
m∤n
1
n
>
2
√
m
φ(m)
(
1− 1
m
) ∑
n6 1
2
log q
1
n
>
√
m
φ(m)
∑
n6 1
2
log q
1
n
.
We thus obtain the bound (3.3), and complete the proof of Theorem 1.
Acknowledgments. We are grateful to Jonathan Bober for pointing out a small error
in an earlier draft.
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